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Limits of sequences

1. Prove each of the following statements about sequences in C.

(a) zn → 0 if |z| < 1; {zn} diverges if |z| > 1.

(b) If zn → 0 and if {cn} is bounded, then {cnzn} → 0.

(c) zn/n!→ 0 for every complex z.

(d) If an =
√
n2 + 2− n, then an → 0.

2. Show that if {xn} is a unbounded above sequence, then there exists a

subsequence {xnm}, such that lim
n→∞

xn =∞.

3. Show that convergence of {an} implies the convergence of {|an|}. Is

the converse true?

4. Let (X, d) be a metric space and {an}, {bn} convergent sequences to

a and b respectively. Show that {d(an, bn)} converges to d(a, b).

5. Prove that if (X, d) is a compact metric space, then each sequence in

X has a convergent subsequence. Is the converse true?

6. Let (X, d) a metric space and Y a complete subset of X, prove that

Y is closed. If X is complete prove that converse also is true.

7. Calculate lim
n→∞

√
n2 + n− n.

8. Investigate de convergence or divergence of the following sequences:

(a)
√
n2 + 2.

(b)
√
n2 + 1/

√
n.

(c)
√
n/(n2 + 1).

(d) sin(
√
n).
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Limits of functions

NOTE. In Exercises 9. through 11, all functions are real-valued.

9. Let f be de�ned on an open interval (a, b) and assume x ∈ (a, b).

Consider the two statements

a) lim
h→0
|f(x+ h)− f(x)| = 0; b) lim

n→∞
|f(x+ h)− f(x− h)| = 0.

Prove that a) always implies b), and give an example in which b) holds

but a) does not.

10. Give examples of functions f and g such that f and g do not have

limits at a point c, but such that both f + g and fg have limits at c.

11. Suppose that f(x + y) = f(x) + f(y) for all x, y ∈ R. Assume that

lim
x→0

f(x) = L. Prove that L = 0, and then prove that f has a limit at

every point c ∈ R [Hint: First note that f(2x) = f(x)+ f(x) = 2f(x)

for x ∈ R. Also note that f(x) = f(x− c) + f(c) for x, c in R]

Continuous Functions

12. For a function f : (S, dS) → (T, dT ), prove that the following state-

ments are equivalent:

(a) f is continuous,

(b) The inverse image of each closed set in T is closed in S.

(c) The inverse image of each open T−ball is open in S.

(d) For each x ∈ S and for each open set V containing f(x), there

exists an open set U containing x such that f(U) ⊂ V .

(e) f(A) ⊂ f(A) for every A ⊂ S.

(f) f−1(B) ⊂ f−1(B). For every B ⊂ T .

13. Let X and Y metric spaces and f : X → Y . Prove:

f is continuous at a ∈ X if and only if for each sequence {an} con-

verging to a there exists a subsequence {anm} such that {f(anm)}

converges to f(a).
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